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Abstract 
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1 Introduction 

Superconformal Lie algebras are crucial objects in the study of conformal field theories. From a 
mathematical point of view, a superconformal Lie algebr£0 is an infinite dimensional Lie superal- 
gebra corresponding to a (twisted) loop conformal superalgebra. 

Let us go into some detail to clarify this point. According to the axiomatic definition in [6], a 
conformal superalgebra over the field C of complex numbers consists of 

• a Z/2Z-graded C- vector space A, 

• a C-bilinear product — („)— on A for each non- negative integer n, and 

• a C-linear operator d on A which acts as a derivation for each of the n- products. 

Given a conformal superalgebra A over C and an automorphism cr of of order m, A 0c C[i^^/™] 
can be equipped with a conformal superalgebra structure given by 

d{a(^f)^d{a)(^f + a(^5t{f), (1) 



^Based on the formal definition given in |6] 5.9], a superconformal Lie algebra satisfies certain simplicity assump- 
tions. We do not, however, make any such simplicity assumption in this paper. 
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and 

(a®/)(„)(6§5g) =5](a(„+,)6)®5P(/).9, (2) 

for a,b ^ A, f,g(i C[t^^/™] and n ^ 0, where df is the derivative with respect to t and J^'' — d{ 
Further, A^Sic C[t^^/™] has a sub conformal superalgebra 

where Ai := {a G yl|cr(a) = Cm^} and Cm = is the standard m-th primitive root of unity. 
The conformal superalgebra C{A,a) is called the twisted loop conformal superalgebra based on A 
with respect to a. These are the conformal analogues of the twisted affine Kac-Moody Lie algebras 
(derived modulo their centre). C{A,cr) yields a Lie superalgebra (in general infinite dimensional, 
and usually referred to as a superconformal [Lie] algebra in Physics) 

Alg(y^, a) = C{A, a)/d£{A, a) 

with the Lie super-bracket induced from the 0-th product of C{A,<7). Up to isomorphisms, central 
extensions of these Lie superalgebras Alg(^, ct)'s give the superconformal Lie algebras that are of 
interest in physics. 

In order to classify twisted loop conformal superalgebras, the theory of differential conformal 
superalgebras was developed in [7 . Based on this point of view, C{A,a) has not only a complex 
conformal superalgebra structure but also a differential conformal superalgebra over the differen- 
tial ring (C[i^"'^], Jj). The resulting differential conformal superalgebra structure over (C[i^^], Jj) 
allows us to understand C{A, cr) as a twisted form of C{A, id) with respect to the etale extension 
C[i±i] ^ C[t±i/™]. With some finiteness assumption on A, these twisted forms can be classified in 

terms of non-abelian continuous cohomology set Hl^ ^Z, Autg_j,Qj^f(y^ (^c T^)j , where Z = lim Z/mZ, 
V — (limC[t^^/™], ^) and Autg ^onfi-^ ®c 2^) is the automorphism group of the 2?-confornial su- 
peralgebra A (8)c 25- 

The above theory has been applied to the N — 1,2,3 and the small N = 4 conformal super- 
algebras. Concretely, the twisted loop conformal superalgebras corresponding to the N ^ 2 and 
small N = 4 superconformal algebras have been classified in [7] . The same classification for = 3 
has been obtained in [2 . This work also provides a detail investigation of the automorphism group 
functors of the A^ = 1, 2, 3 conformal superalgebras. The structure of automorphism group functor 
of the small A^ = 4 conformal superalgebras has been explicitly determined in [I] . 

Besides the A^ = 1,2,3 and the small A^ = 4 superconformal algebras, there is another family of 
superconformal algebras, called large (or big, or maximal) A^ = 4 superconformal algebras, which 
are of interest in two dimensional conformal fields theories. They were discovered in [13| and have 
inspired subsequent work such as [3] , [9] and [M] . The global and local automorphisms of the large 
A^ = 4 superconformal algebras have been studied in [3], and it is based on this that the twisted 
large A^ = 4 superconformal algebras have been described in [T3]. In fact, the same method has 
been employed to deal with twisted A^ = 2, 3, 4 superconformal algebras in [T^ . 

In this paper, we focus on the large A^ = 4 conformal superalgebra, which is the conformal 
superalgebra A associated with the large A^ = 4 superconformal Lie algebras. We will classify the 
twisted loop conformal superalgeras based on A by employing the methods developed in [?]• To 
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accomplish this, we first re-formulatc the generators and the relations of A in Section [51 Then we 
explicitly describe the corresponding automorphism group in Section [3] (a result which we believe is 
of its own interest), and determine the relevant non-abelian cohomology needed for the classification 
of twisted forms in Section |4l It is relevant to point out that our work shows that the automorphism 
group of the large TV = 4 superconformal algebra is in fact larger than the one described in the 
Physics literature (see See also Remark 15. ip . It may be that the new automophisms have no 
physical meaning (hence omitted) , or that they were simply missed. 

We finish the paper by considering the (centreless) superconformal algebras corresponding to 
the two non-isomorphic twisted loop conformal superalgebras based on A in Section [5] We give an 
explicit description of the twisted Lie superalgebra Alg(^, uj) which may be of interest to physicists. 
The given generators and relations of A\g{A,uj) are in fact quite natural (but they can only be 
"seen" because the twisted construction was carried at the level of conformal superalgebras). As 
a consequence of the above, it follows that the two large = 4 superconformal algebras (ignoring 
central extensions) considered heretofore in the Physics literature are indeed (up to isomorphism) 
the only two such algebras. Furthermore, these two algebras are distinct (more precisely, not 
isomorphic to each other). 

Notation: Throughout this paper, s[2(C) and C^^^ will denote the Lie algebra of 2 x 2 matrices 
with trace zero and the set of all 2 x 2 matrices. As customary SL2 denote the group scheme of 
2 X 2- matrices of determinant 1, and and the additive and multiplicative group scheme 
respectively (all group scheme over C). 

We will use D and to denote the rings C[t±i] and C[±i/™], respectively; while we set D := 
lim -Dm. The differential operator St '■— acts on D, Z?,„ and D in the usual way. The corresponding 

differential rings {D,St), {D„i,5t) and {D,St) are denoted by I?,I?,n and V, respectively. 
To simplify calculation in a conformal algebra A, we also use the A-bracket convicntion 



for a,b e A. 

2 The large = 4 confornal superalgebras 

The large A^ = 4 superconformal algebras are a family of Lie superalgebras 0(7) parameterized by 
one parameter 7 7^ 0, 1. More precisely, 0(7) = 0(7)0 © 0(7)11 where 





} 



c is a central element of 0(7) and the super-bracket on 0(7) is defined in [T3] as follows: 
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[Lm , Lra] — 


(m - n)Lm+n + Sm-nim^ - m)c/12, 






[Lm, T^*] = 


= -nT±V„, [L™, Gf ] = (m/2 - s) G^+„ 


[L™,Qf] = 


- (5TO + S) Q^+,, 






\nn-\-i nn-j] _ 
L m 1 n J 






= ejjfcT;;^ - TO%5„,_„C/(12(1 - 7)), 


[U™,U„] - 


-m(5„, _„c/(127(l - 7)), 




= <(G^+.-2(l-7)mQ^+J, 






[T^\Q?] = 






0, 


[Q?,Gf] = 




[Q';,Qi] = 


-SpgSr,-sC/{12j{l - 7)), 


[GfI,G«] = 


2SpJ.r+s + 4(s - r)(7a+'T+j, + (1 - 7)0"^ 




5,,_,(r2 - l/4)c/3, 



for = 1, 2, 3, p, g' = 1, 2, 3, 4:,m,nG Z, and r, s e 1/2 + Z, where a^* are 4 x 4-matrices given by 
By setting 

L„ = L„ + (7-l/2)(n+l)U„, = U„=U„, 

G5 = G2 + 2(7-l/2)(s + l/2)Qf, = Q?, = ^/(47(1-7)), 

for n e Z, s e 1/2 + Z, the anti-commutative relations on 0(7) are written as 



[Lm, L„] = (m - n)Lm+n + Sm-n{m^ - m)c/12, [Lm, T±'] = -nT: 

[Lm, U„] = -nVm+n - (l " l/2)(m2 + m)Sm,-nC/3, [T+% T-^'] = 
[T+% T+^-] = ei,-feT+^+„ - (1 - j)mSij5m,-nc/3, [T±% U„] = 0, 

[Tm',T-^'] = eiifeT-^+„ - 7m5y5m,-„c/3, 
[Lm,G?] = (m/2-s)G^+„ 
[Um,G?]=mQ^+„ 
[Lm,Q?] = -(im + s) Q^+„ 
[Um,Q?] = 0, 

[QP, G«] = ,5p,U,+, + 2(a+^T+|, - a-^T^J - 25p,5,,_,(7 - l/2)(s + l/2)c/3, 
[GP, G^] = 2S,,Lr+s + 2{s - r)«T+|, + a'^T^lJ + 6pg6r,-s{r' - l/4)c/3, 



[Um,U„] = -m^m,-nC/3, 
\^mi Gf] = O'pg (Gm+s ~ "^Qm+s), 

[T- ■ 

['Lm , Q?] '^pq^m+si 

[QP,QI] = -5p,5,,_,c/3, 



m J ^s] — '^pg (Gm+s + ^Qm+s), 



for j = 1, 2, 3, p, g = 1, 2, 3, 4, m,n G Z, and r, s G 5 + 

The Lie superalgebra 0(7)/Cc is called the centreless core of 0(7). They are referred also as 
centreless superconformal algebras. We observe that all the centreless cores g(7)/Cc arc isomorphic 
and denote this common Lie superalgebra by q. Every 3(7) is a central extension of q. 

To the Lie superalgebra q one associates the conformal superalgebra A, whose underlying Z/2Z- 
graded C [9] -module is 

A = {C[d] ® Vg) ® {C[d] ® Vi) 
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where Vq = CL ® 0^1 (CT* ® CT'O © CU and Vi = 0p^i(CGf < 
given by: 



}P). The A-bracket on A is 



[LaL] = (9 + 2A)L, [LaU] = (a + A)U, [LaT±»] = (9 + A)T±% 

[T±\T±^] = e,,feT±^ [T+^T-J] - 0, [T±\U] - [UaU] = 0, 

[LaGp] = {d+ §A) Gf , [T+\GP] - a+^{G^ - AQ"), [T±^Qf] = a±'Q^ 

[LaQp] = (9 + iA) QP, [T-\GP] = a-^'(G? + AQ?), [Q^Q?] = 0, 

[UaGp] = AQP, [GPaG"] = 25p,L - 2(9 + 2A)(a+;T+» + ttp^'T-^, 

[UaQp] = 0, [QPaG«] = SpgV + 2(a+^T+* - a^'T-O. 
To simphfy computations, we introduce the following notation: 



T+(X) := -i(xi2 + 2;2i)T+i + {xi2 - X2i)T+^ + 2LtiiT+3 
T'{X) := -i(xi2 + a;2i)T-i + (a;i2 - a;2i)T-2 + 2ixiiT~3 
G{M) := (mi2 + U2i)Gi + i{ui2 - U2i)G^ - (wii - M22)G^ 
q{M) :-: (mi2 + U2i)Q^ + i(Mi2 - uaOQ^ - (wn - M22)Q^ 



i(wi 



-ii22)G4 

^^22)Q' 



for X = G s[2(C), M = (uy) £ C^^^ where i = 
on A are written as: 

[LaL] = (9 + 2A)L, 

[LAT±(X)] = (a + A)T±(X), 

[T±(x),T±(y)] = T±([x,r]), 

[LaG(M)] = (a+|A)G(M), 
[LAQ(Af)] = (a+iA)Q(M), 
[T+(X)AG(Af)] = G{XM) - XQiXM), 
[T-(X)aG(M)] = -G{MX) - XQ{MX), 



i(wii 

T. With this new notation, the A-brackets 



[LaU] = (9 + A)U, 
[T±(X);,U]-[UaU] = 0, 
[T+(X),T-(y)]=0, 
[UAG(Af)] = AQ(M), 
[UAQ(A.f)] = [Q(A'/)^Q(iV)] = 0, 
[T+{X)^qiM)] - q{XM), 

[T-{x)xq{M)] = -q{MX), 



[G(M)^G(iV)] = 4tr(MA^t)L + (9 + 2A) {T+{MN^ - NM^) + T-{M^N - N'fM)) , 
[Q(M);,G(iV)] = 2tr(AfiVt)U - T+(AfiVl' - A^Aft) + T-(AftAr _ A^tM), 



where Aft = 


/ -M22 


) if A^ = 


/ Mil 


Ul2\ 


. In 




V "21 


-■"11 / 


1^21 


U22J 





map M —Aft is a symplectic involution on the associative algebra of 2 x 2-matrices (cf. [TOl 
2.5]). 



3 Automorphisms of A and of A 0c ^ 

The main purpose of this paper is to classify twisted loop conformal superalgebras based on the 
large = 4 conformal superalgebra A. A twisted loop conformal superalgebra £{A, a) based on 
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A can be viewed as a V/V-form of A ®c = id), i.e., 

C{A,(j) ®vi>'^ A^c'D 

where the above is an isomorphism of differential conformal superalgebras over D, where the dif- 
ferential conformal superalgebras structure on these objects are given in the same way as those on 
A ®c i> given by ^ and ([2]) above. Based on the results of [7] (see also Proposition 14.11 below 

for details), I?/I?-forms of A®cT^ are classified in terms of H;!:^ ^Z, Autp ^^^^(^ (8)c 2?)^ The 
computation of this requires us to first determine the automorphism group K\itj^_^^^^{A®c T^)- 

We will determine the automorphism group A\xtj^_^^^^{A ®c 2?) in this section by explicitly 
constructing all automorphism of A ®c T^- To simplify notations, we write Af^ :— A ®c for 
short. We always use V to denote the C-vector space spanned by {L, T='=*, U, G^, Qf\i — 1, 2, 3,p = 
1,2,3,4}. Note that Aj, = C[9] ®c ^ <8)c D as C-vector spaces. V can be identified with the 
subspace 1 (8) V (8) 1 in Aj, . Hence, we also identify an element ^ GV with its image 1 (8) C 1 in A^ . 

With the simplified notation of Section [5] and the above, we now proceed to construct automor- 
phisms of the I?-conformal superalgebra Ajy. 

Lemma 3.1. There is a group homomorphism 

61 : SL2(i5) X SL2(i5) ^ Autg_^„^f(^g), {A, B) ^ 9a,b, 

where 0a.b is the automorphism of A-g given by 

0a,b{^) = L + T+{St{A)A-') + T-{St{B)B-'), OaM^) = U, 

0a,b(T+(X)) = T+{AXA-^), 0^,s(T-(X)) = T-{BXB-^), 

eAMG{M)) - G{AMB-^) - qiSt{A)MB-' - AMStiB-')), 0a.s(Q(M)) = q{AMB~'), 

for X e s[2(C),A/ e 

Proof. Recall that the underlying D-module of Aj^ is C[d] ®c V ®C D. The formulas define a 
Z?~module homomorphism V (Sc D ^ V (8)c D, which is uniquely extended to a Z?-module homo- 
morphism 0A,B '■ Ajy -> A-j^ satisfying d o 6a,b ~ ()a,b ° d. 

Based on [71 Lemma 3.1(ii)], it can be proved that 9a,b is a homomorphism of I?-conformal 
superalgebras by checking 

OaMK^ ® 1)a('7 ® 1)]) = [OaM^ ® 1)x0aMv ® 1)] 
for all £,,r] G V. This can be accomplished through a direct computation. As an example, we show 
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the proof for C = Q{M) and r] = G{N) with M,N e C^"-^. 
0a,b{[CI{M)^G{N)]) 

= 2tr{MN'')eA^B{V) - 61^,3 (T+(AfiVl' - NM^)) + 9a,b{T'{M^N - N^M)) 
= 2tr(MA^t)u - T+(A(A/iV^ - NM'<)A-^) + T-{B{A'PN - NH'I)B-^), 
[OAM^{M))xeAAG{N))] 

= [Cl{AMB-^)x{G{ANB-^) ~ q{St{A)NB-^ - ANStiB-^)))] 
= 2tT{AMB-\ANB-^)^)l] 

- T+{AMB-\ANB-y - ANB-\AMB-y) 

+ T-{{AMB-^)''ANB-^ - [ANB-yAMB-^) 
= 2tr(MA^t)u - T+{A{MN^ - NM^)A-^) + T"(S(MtiV - nH'I)B-^), 

where we use the facts that (MiM2M3)t = mImImI for Mi, M2, Afg e C^^^ ^nd that = -A'f 
for A e SL2(i5). 

A similar computation also shows that 

Oa^,b^ o Oa^m-^H®'^) = Oa^a^m^bM®^)^ 
for Ai, A2, ^2 e SL2(i5) and ah ^ € V^. We thus deduce from fH Lemma 3.1(i)] that 

We also observe that Oi^j^ — id, where I2 is the identity matrix. Hence, the above equality implies 
that 9a, B is invertible and ti : SL2(-D) x SL2(-D) Aut^ ^^^^^(^g), (A, _B) t-s- 9a, b is a group 
homoniorphism. □ 

Lemma 3.2. There is a group homomorphism 

t2 : Ga(i)) ^ Aut5_^^^j(ylg), f^Tf, 

where Tf is the automorphism of Ajy defined by 

Tf{h)=h + \J®f, r/(T+(X))-T+(X), r^(T-(X))=T-(X), 

T/(U) = U, T/(G(Af)) = G(M) + Q(/A/), r/(Q(Af)) = Q(Af), 

forXGs[2(C) and A/e C2X2. 

Proof. An analogous argument as in Lemma 13.11 shows that the formulas define a homomorphism 
of 2?-conformal superalgebras r/ : Af, — ylj, for every f £ D and r/^ o Tf^ = Tf-^^f^ for /i, /2 G -D. 
Observing that tq = id, we obtain that Tf has inverse r_y and t2 is a group homomorphism. □ 

Lemma 3.3. There is an automorphism cj of the I?-conformal superalgebra A-g such that 

^L)=L, uj{T+{X))^T-{X), uj{T-{X))^T+{X), 

uj{V) = -U, w(G(M)) = G(Aft), w(Q(A//)) = -Q(A//t), 

for a: e s[2(C) and M e C^^^ In addition, uj^ = id. 
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Proof. The proof is similar to that of Lemma 13.11 □ 
Lemma 3.4. 

(i) For A, Be SL2(5) and / e Ga{D), Tf o eA,B - Oa^b o Tf. 

(ii) For A,B e 81,20), ^ ° Oa,b o uj = 6b.a- 

(iii) For / G G(j(£)), lo o Tf o u — t_j. 

Proof, (i) From [Tj Lemma 3.1 (i)], it suffices to show 

Tf o OaA^ Oa,B o Tf{i ® 1), 

for all £^ eV . This can be verified by a direct computation. Similarly for (ii) and (iii). □ 
Theorem 3.5. There is a group isomorphism: 

Aut5_,(^5) ^ (^-^"fl^:^^ X Ga(5)) X Z/2Z. 
Proof. From Lemma 13.1113.41 there is a group homomorphism: 

i : (sL2(i5) X SUiD) X Ga{D)^ x Z/2Z ^ Autg_^^^^f(^g), {A, B, /, e) ^ Oa^b o Tf o 

We claim that l is surjective, which is equivalent to say that every ip G Aufx)_conf("^i7) ^'^^ 
form 9a,b oTf ouj" for some ^,5 G SL2(i5), / G 5, and £ G {0, 1}. 

To prove the claim, we first consider the action of on the even part (-4p)o of Aj^. We observe 

Aa = C[a]L®C® C[9]U, 

where C = ®l^j^{C[d]T+'®C[d]T~'). Moreover, B := C®C[d]V is an ideal of y^o and B is isomorphic 
to the current Lie conformal algebra Cur(sl2(C)©s[2(C)©C) (see O Example 2.7] for its definition). 
Next we show that (/?(%) C Sg. Let ^ = T±% i 1, 2, 3 or U. Write 

K 

m=0 

where ri E D and G S^. Then 

o = ^(KAe])-[¥'(OA<p(e)] 

K 

= J2 (-A)™(a + A)"((9 + 2A)L®/„/„ + 2L0<5t(/„)/„) 

m,n— 

K K 
m— n— 
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Since [(L fm)x^'], [C'a(L /„)], [^'a^'] e C[A] <»c we deduce that 

K 

0= E (-Ar(9 + Ar((a + 2A)L(»/„/„ + 2L®,5t(/„)/„). 

m.n— 

Comparing the coeiEcients of A and noting that D is an integral domain, we obtain K = and 
/o = 0, i.e., ip{^) = ^' € B^. Since T^^,i = 1,2,3 and U generate ;B as a C[9]-module and is a 
Z?-module homomorphism satisfying ip o d = d o ip^ we conclude that if(B^) C Sg. 
Furthermore, we deduce from T^'(o)T*"' = eijfcT*'^ that 

e,,fc^(T±^-) - ^(T±0(o)¥'(T±-') e (%)(o)(Sg) C Cg, 

for = 1, 2, 3. It yields that f{Cjy) C Cg. 

Therefore, the restriction <p|c^ is an automorphism of Cf,. It is known that 

Cp = Cur(sl2(C)®sl2(C))g. 

Given that sl2(C) ® sl2(C) is a semisimple complex Lie algebra by [7, Theorem 3.4], there are two 
elements A, i? e GL2(-D) such that one of the two following conditions is satisfied 

^(T+(X)) = T+iAXA-^), and (p(T-(X)) = T-(BXS-i), (3) 
ip{T+{X)) = T-(AXA-i), and {X)) ^ T+{BXB-^). (4) 

Since any unit of is a square there is no loss of generalization in assuming that A, B SL2(-D). 
We take ip :— ip o 6^^^ if ip satisfies ([3]), or ^ := ip o uj o 9^^g if satisfies (g]). Then ip is also an 

automorphism of the I?-conformal superalgebra A-g and always satisfies 

^P{T+{X)) - T+(X), and ^(T-(X)) = T-{X). (5) 

To determine '0(U), we observe that C[9]U (8)c is the center of Bj^, which is preserved under 
V'. Hence, '0(U) = P(9)U, where P{d) is a polynomial in the indeterminate d with coefficient in 
D. Then the bijectivity of ip yields that P{d) = / is an unit element in D, i.e., ip(U) = U / for 
an unit element f € D. 

Next we consider the action of ip on the odd part {Ajj)i. Suppose 

A'l K2 
m— n— 

where Vm.v'n ■ C^""^ ^ D"^""^ are C-linear maps. Then il){[\]xG{M)]) = [V'(U)aV'(G(M))] yields 

A'l 

Comparing the coefficients of A, we obtain Ki — 0, i.e., 

K2 

V'(G(M)) - G(^.o(A^)) + d^'Qi^lAM)), 

Tl = 
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Similarly, we deduce from ijj{[T+ {X)xG{M)]) = [iP{T+ {X))xip{G{M))] that K2 = and 

iyo{XM)^XMM), v'^{XM)=Xv'^{M), f^XM) ^ XMM), (6) 

for X e s[2(C),Af e Further, iP{[T- {X)xG{M)]) = [i;{T- {X))xijj{G{M))] yields that 

MMX)^iyoiM)X, v'o{MX)^v'o{M)X, fvo{MX) = vo{M)X, (7) 

for X e s[2(C),M e C2^2^ 

From (IH) and ([7]), we conclude that / = 1, and there are g,g' € D such that voiM) = gM and 
z.^(M) = 5'M, i.e., 

V^GIM)) = G(gA/) + QCg'M), V(Q(M)) = QCgAf), V(U) = U. 

Finally, the equality 

^(Q(M))(o)V'(G(iV)) = V(Q(M)(o)G(iV)) 
implies that g = ±1; while the equality 

V'(G(M))(o)V(G(iV)) = V(G(Af)(o)G(7V)) 

yields V'(L) = L + U (g) 53'. Hence, 

V^(L) =L + U®5o, V(G(M))=5(G(M) + Q(goM)), V(Q(M)) = .gQ(M), V(U) = U, (8) 

where go = g.g'- Summarizing ([5]) and ([8]), we conclude that ij; = Tgg o Oi^gi. Hence, 

(p = TggO 0A,gB = OA.gB °Tg„, OT (fi = Tg„ O OA.gB O = OA^gB ° Tg^ O LO. 

We complete the proof of the surjectivity of l. 

Next we will determine the kernel of l. On one hand, it is obvious that {—I2, ^^2, 0, 0) G ker li. 
On the other hand, we will show {A, B, /, e) G ker t will lead to A = i? = ±/2, / = and e = 0. In 
fact, {A, B, /, e) G ker t is equivalent to Oa.b o tj o uj^ = id. Hence, 

U = 0A,i3OT/OW^(U) = (-1)"U, 

where £ = or 1. It follows e = 0. 

Similarly, 0a,b ° ''"/(L) — L yields that / = 0, and so we have 

0^,b(T+(X)) - T+{AXA-^) - T+{X), 

eAs(T-(X)) = T-(SXB-i) = T-{X), 

Oa,b{Q{M)) = Q{AMB-') = Q(M), 

for all X e sl2(C) and aU M e C^^^^ i.e., 

AX = XA, BX = XB, and AM = MB, 

for all X e s[2(C) and aU Af e C^^^^. This yields that A = B = zb/2. Hence, ken = 
{{—I2, ^-^2,0,0)). Therefore, t induces a group isomorphism 

(sL2(i5) X SL2(i5) X Ga0)^ X Z/2Z 

= ((-/2,-/2,0,0)) 

□ 
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Remark 3.6. The above theorem gives a precise description of the automorphism group of the T)- 
conformal superalgebra Aj-,. Using the same reasoning, we also can obtain the automorphism group 
of the C-conformal superalgebra A. In fact, 

Autc-co„K-4) = (^^^l^^^^lfyP X G„(C)) X Z/2Z. 

4 Classification of twisted loop conformal superalgebras 

The classification of twisted loop conformal superalgebras based on A will be completed in this 
section. We firstly compute the non-abelian cohomology set Hj^ ^Z, Autp conf(-^i5))' '^hich yields 
the classification of twisted loop conformal superalgebras based on A up to isomorphisms of differ- 
ential conformal superalgebras over T). Then we deduce the classification up to isomorphisms of 
conformal superalgebras over C through centroid considerations as in [2] and [7]. 

Proposition 4.1. Every 2?/2?-form of A-d is isomorphic to either C{A, id) or C{A, w) as differential 
conformal superalgebras over T). 

Proof. Based on [71 Theorem 2.16 and Proposition 2.29], T> /V-ioims, of Av are parameterized 
by the continuous non-abelian cohomology set H;!;^ ^Z, Autp_^Qjjj(y^p)^ , where Z := limZ/mZ 

and the continuous action of Z on Aut^ coni^^v) ^® induced by the continuous action of Z on 
i) given by ^t^/' = (^Pf^^'^. Hence, the crucial point of the proof is to compute the cohomology set 

By Theorem 13.51 there is a split short exact sequence of groups 

1 G Avitf,_^^JA^) -> Z/2Z 1, (9) 

where 

n n fn^ An SL2(g) x SUjP) 
G := Gi X Ga{D), and Gi := ^ ■ 

We observe that Z continuously acts on G through the action on ID and Z acts on Z/2Z trivially. 
With these Z-actions, the homomorphisms in © are all Z-equi variant. Hence, the exact sequence 
^ induces an exact sequence of continuous non-abelian cohomology sets 

H,\(Z, G) Ul, (Z, Aut^_^^ JA^)) RUZ, Z/2Z). (10) 

Since the exact sequence © is split, p has a section, and so p is surjective. Recall that Z acts 
on Z/2Z trivially, we have 'Hl^.{Z,Z/2Z) ^ Z/2Z = {[0],[1]}. Since (HU]) is exact, the fiber of p 
over [0] is measured by Hjt(Z, G). To compute Hjj(Z, G), we observe that Z piecewise acts on 
G = Gi X GaiD). It follows 

UlS, G) - Hi,(Z, Gi) X H,\(Z, Ga0)). (11) 
The group Gi fits into an exact sequence of groups 

1 ^ Z/2Z ^ SL2(i3) X SL2(i5) ^ Gi ^ 1. 
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It yields an exact sequence of pointed sets 

Hjt(Z,Z/2Z) ^ Hjt(Z,SL2(i5) X SL2(i5)) ^ H;^t(Z,Gi) ^ H2t (Z,Z/2Z). 

Since SL2 x SL2 is a semi-simple group scheme, Hj^ 

(z,SL2(i5) X SL2(i3)) can be identified 

with the non-abeUan etale cohomology Hij(Z), SL2 x SL2) by O Corollary 2.16], which vanishes 

according to [H Theorem 3.1]. Hence, H^j (z,SL2(i3) x SL2(5)) = 0. H2j(Z,Z/2Z) also vanishes 

since it can be identified with H?j(I?, /.t2), which is the 2-torsion of the Brauer group H?^(D, Gm) = 
1. Therefore, 

Hi(Z,Gi)=0. (12) 
From [ni 1-2.2, Proposition 8], we deduce that H^t(Z, Ga{D)) = hmHij(Z/mZ, Ga{D^)). Since 

Dm/D is a Galois extension with Galois group Z/mZ, H;!;^(Z/mZ, Ga(£'m)) = Hjj(_D,„/_D, Ga^u) 
(see [3 Remark 2.27] for details). Now, lll^{D„i/D, Ga^o) can be viewed as a subset of Hjj(-D, Ga), 
which vanishes because because our base scheme, namely Spec(£'), is affine (see [3^ III. 4. 6. 6). Hence, 

Hit(Z,G,(5))=0. (13) 

Summarizing pT|) . (IT^ . and (|13l) . we obtain H;';^(Z, G) = 0, i.e., the fiber of p over [0] contains 
exactly one element. 

Next we consider the fiber of p over [1] . Twisting the Z-groups in ^ with respect to the cocycle 
3 : Z Autg_^^jjf(^g), 1 w, we deduce that the fiber of p over [1] is measured by Hj^(Z, jG). As 
Z-groups, jG = 3G1 X ^Ga{D). Hence, we also have 

Ill,{%,G) = Hit(Z,,Gi) X Hit(Z,,G,(5)). (14) 

To compute Hjt(Z,3Gi), we also have an exact sequence 

1 ^ 3(Z/2Z) ^ 3(SL2(5) X SL2(i))) ^ 3G1 ^ 1. 

Since w trivially acts on the subgroup {{-h.-h)) of x SL2(i5), it follows 3(Z/2Z) = Z/2Z. 

Hence, there is a long exact sequence 

Hit(Z,Z/2Z) ^ Hit(Z,,(SL2(5) X SU{D))) ^ KtiXi^^) ^ H2^(Z,Z/2Z). 

We have seen that H^j(Z,Z/2Z) = 0. Further, by the same reasons given above Hjj(Z, ,(SL2(-D) x 
SL2(I?))) can be identified with the non-abelian etale cohomology Hjj(-D,j(SL2 x SL2)), which 
vanishes since 3(SL2 x SL2) is also a reductive group scheme over D. Hence, 

Hit(Z,3Gi)=0. (15) 

To understand Hj^(Z, ^Ga{D)), we first observe that jGa is a twisted form of Ga (more precisely 
of the D-group Ga^o) associated to the cocycle 3' : Z — )• Aut(Ga(£')), 1 ^ —id, viewed in a natural 
way as an element of Hi^. (D, Aut(Ga)) . The natural I^-group homomorphism Gm Aut(GQ) 
yields a map 

^■.lll{D,G^) ^Hl{D, Ant{G,)). 
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Since the class [3'] of 3' is visibly in the image of (j) and Hij(£>, Gm) = Pic(_D) — 0, we deduce that 
.Ga is isomorphic to Gq (or rather Ga,D to be precise). This yields that 

lllS,,GaiD)) c nUD,,G,) = }il,{D,Ga) = 0. (16) 

From p^ . P3|) . and P^ . we deduce that Hj^(Z, 3G) = 0, i.e., the fiber of p over [1] also contains 
exactly one clement. 

Consequently, Hj^ ^Z, Autg_^^j^j(^g)^ contains exactly two elements, which correspond to C{A, id) 
and C{A,uj). □ 

Next, we proceed to compute the centroid of an arbitrary twisted loop conformal superalgebra 
based on A. For an arbitrary conformal superalgebra B over C, the centroid of B is 

Ctdc(S) = {x e Endc-smod(S)|x(a(n)fe) = a(n)X(^): Va, 6 e B,ne Z+}, 

where Endc-smod('B) is the set of endomorphism of the super C-modulc B. If in addition B is also a 
differential conformal superalgebra over V, there is a canonical map D — > Ctdc(.B),r i— > rg, where 
re is the map B ^ B^a^ ra (see [7] for details). 

Lemma 4.2. = spanc{f (o) (9^'^^L (g) 1), ^(i) (^('^^L (g) l)|i; e Av^}- 

Proof. We denote the C-vector space on the right hand side by V. Let v ^ A he a. primary 
eigenvector having eigenvalue A with respect to L, i.e., v satisfies 

W(o)L = (A — \)dv, i^(i)L — At;, U(fe)L = 0, for k ^ 2. 

Then we deduce that 



[0, if£<fc. 



^(fc) 

for fc ^ and £ ^ 1. 

In the conformal superalgebra A, A = 2, 1, 1, |, ^ if a = L, U, T^(X), G(Af), Q(Af) respectively, 
where X G s[2(C) and M S C^'^^. We consider two cases. 
Case I: A = i. Then 

(w®/)(i)(L® 1) = ^v<S)f, 

(«®/)(o)(aWL®i) 

= ^(.(,)aWL)®jW(/) 

fe>0 



= E(-^(^+i) + fc)5*'+'"''«®'5f)(/) 

fc=0 

1 1 

= --(£ + i)a(^+i)t- ® / + E(-x(^ + 1) + fc)a(^+i-^^v ® (5f H/) 



k=l 



13 



for all £ ^ 0. By induction, we obtain d'^^^v / e V for alH 0. 
Case II: A ^ 1. Then 

(?;(8)/)(i)(L(^ 1) = Aixg)/, 
e 

= ^((£ + 1)(A -l) + k + l)9(^-'=)w (5p)(/) 

k=0 

= {{£ + 1)(A - 1) + l)a(^)« ® / + ^((^ + 1)(A - 1) + fc + l)9(^-'=)v ® (5f H/)- 

fe=0 

Since A^l, {£ + 1)(A - 1) + 1 > 0. By induction, d'^'^^v ® / e V. 

Recall that Av^ = C[9] «)c ®C D^, where ^ = spanc{L, U, T±(X), G(M), Q(A/)|X e 
sl2(C), M e C2^2}^ -y^g observe that ylp^ is spanned by S^t; (g) / for ^ ^ 0, u e and / e D™. 
Hence, Av,„ = "1^- □ 

Proposition 4.3. Let B := £{A,a) be the twisted loop conformal superalgebra based on A with 
respect to an automorphism a of order m. Then Ctdc(iB) = D. 

Proof. For f G D, there is an element /g € Ctdc(y8) given by w /w. Hence, D C Ctdc(S). It 
suffices to show any element x e S is of the form for some f G D. 
We consider the C-linear map 

^ m — l 

m ^ — ' 

■i=0 

where V' : Dm -> Dm,t^ H> Cm"^i™ • Then B 7r(y4,-D,,J. 

It has been pointed out in Remark 13.61 that a = 9a,b o Tq o cj'^, where A,Bg SL2(C), a G C 
and e e {0, 1}. Hence, 

cr(L)=L + aU, cr(U)=±U. 

We consider two cases. 

Case I: cr(U) = U. In this situation, ct(L) ~ L since a is of finite order. Hence, 

m — 1 

7r(z;(„)(aWL® 1)) = - ^(a$5^r(t;(„)(a(^)L® 1)) 

m — 1 

= - V ((a ® ^ V)'(a('^L ® 1) 

m— 1 

m 
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By Lemma 221 we deduce 

B = it{AvJ - spanc{7r(v)(o)(a(^)L ® 1), 7r(w)(i)(9(^)L ® e y^p,„,^ > 0}, 
= spanc{u(o)(a(^)L(g) l),W(i)(9(^)L(g) G S,^ > 0}. 
Let X g Ctdc(;B). We claim that there is a / G Z? such that x(L(8)l) = L(g)/. Consider 
(L ® l)(i)x(L ® 1) = x((L ® l)(i)(L (8 1)) = 2x(L 1). 

Hence, x(L (8) 1) G S C yl„ is an eigenvector of (L ® with eigenvalue 2. We can check that the 
eigenspace of (L ® with eigenvalue 2 in A-Drr, is spanned by L /, dvi ® fi, where is a 

C-basis of spanc{T±(X),U|X G s^lC)} and /, G Dm- We write 

7 

X(L (g) 1) = L ® / + ^ ai;, «) 

i=l 

Then 

= x((L<»l)(2)(L® 1)) 
= (L® l)(2)x(L® 1) 

= (L «) i)(2) ^L ® / + ^ (g 

7 

Since {ti^} is linear independent over C, fi = 0, and so x(L<8' 1) = L(K) /. In particular, f E D since 
L (g) / G ;B. Furthermore, 

^x(9(''L (g 1) = x((L (g> l)(o) (a(^-i'L (g 1)) = (L ® l)(o)x(a('^''L (g 1), 

for all ^ ^ 1. By induction, xC^^'^^L (g) 1) = d^'^^L (g) /. Hence, for v e B, 

x(^;(o)(a(^'L0 1)) = z;(o)x(9'''L® 1) = v^o)id^'K® f) = /(«(o)(a(^)L ® 1)). 
x(^.(l)(aWL® 1)) = z;(i)x(aWL® 1) = ^;(i)(aWL® /) = /(«(i)(aWL ® 1)). 

It follows x = Ib- 

Case II: cr(U) = — U and cr(L) = L + all. In this situation, we replace L by L' := L + 
and replace by G'p := + f Qp for p = 1, 2, 3, 4. Then A is also a C[a]-module generated by 
L',T±',U, G'P,qP,i = l,2,3,p= 1,2,3,4, and in A, we have 

[L'AL'] = (a + 2A)L', [L'aT±']-(9 + A)T±\ [L'aU] = (9 + A)U, 

[L'.G'^'] = (a + ^A)G'^ [V^QP] ^{d+ iA)Qf . 

Similar arguments as in Lemma 14.21 show that 

Av,^ = spanc{w(o)(a^L'g) l),U(i)(a^L'«) l)|u G Av^A^ 0}. 
Following the same arguments as in Case I, we conclude that x — Ib for some f € D. □ 
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Theorem 4.4. Every twisted loop conformal superalgebra based on the large = 4 conformal 
superalgebra A is isomorphic to either id) or £{A,io) as conformal superalgebras over C. 

Proof. As pointed out in [7] that every twisted loop conformal superalgebra C{A,(j) based on A 
is not only a conformal superalgebra over C but also a differential conformal superalgebra over V. 
Moreover, £{A,(t) is a V/V-iorm of C{A,id) = Av (F, Proposition 2.4]). By Proposition gUl 
there are only two I?/I?-forms of Av up to isomorphisms of differential conformal superalgebras 
over v. They are id) and w). 

From Proposition [121 and jT, Corollary 2.36], we deduce that two twisted loop conformal super- 
algebra (Ji) and C{A,(J2) based on A are isomorphic as differential conformal superalgebras 
over T) if and only if C{A, cri) is isomorphic to C{A, (J2) as conformal superalgebras over C. Hence, 
every twisted loop conformal superalgebra based on A is isomorphic to either £(^, id) or L{A,ijj) 
as conformal superalgebras over C. □ 



5 The corresponding Lie superalgebra 

As we have seen in Section [1] every twisted loop conformal superalgebra C{A,a) based on the 
large iV = 4 conformal superalgebra A yields an infinite dimensional Lie superalgebra Alg(^, cr). 
In particular, the untwisted loop conformal superalgebra £(,4, id) yields the Lie superalgbra q 
described in Section [2l which is the centerless core of the large N — A superconformal algebras 
given in [T3] . 

There is another twisted loop conformal superalgebra C{AtUj) not isomorphic to £(,4, id). 
C{A,ijj) gives rise to another Lie superalgebra Alg(^,aj). In the rest part of this section, we 
will explicitly state the generators and relations of Alg(^, oj). 

Recall that C{A,uj) = ®eez^i Ct^^^, where Ai = {a & A\ujia) = (-l)^a}. It can be directly 
computed that 




C[d] «)cspanc{L,T+' +T-',G',Q''|i 1,2,3}, if £ is even, 
C[d] ®c spanc{U, T+' - T"*, C*, Q*|z = 1, 2, 3}, if £ is odd. 



As a vector space, Alg(.4, w) = C{A,uj)/d£{A,uj). We use v to denote the image of an element 
V S C{A,uj) in A\g{A,uj). Then the following elements, 

L„ = L(g)i™+i, Tl^ = (T+i + T-')®t", j; = (T+^-T-')®^, U.^ = TTWF, 

for j = 1, 2, 3, m S Z and r E 1/2 + Z, form a basis of Alg(^, a). The super-bracket on A\g{A,uj) 
can be written as: 
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[Lm,L„] — (m — rt)L„i+„, [L„i,Us] — — sUm+s, 

[LmjTJj] = — nTJj, [Lm, Jg] = —sJl^_^g, 

[L„, Gl] = (m/2 - s)Gj„+,, [L^, «>„] = (m/2 - n)$™+„, 

[Lm, Qn] = -(W2 + n)Gj„+„, [L„, ^-g] = -(m/2 + s)*™+„ 

[U„U«]=0, [U,,TJ,] = [U,,Pj = 0, 

[TmiT^] = ^ijk^m+m [Tmi Js] ~ ^ijk-^m+s^ 

[j;, Gi] = 5^J<^r+s - re,jfcQj:+„ [Jj,, = -G;+„, 

[GJ, Gil = 2<5„-U+, - e,,fe(r - 5)T^V.s' [G^, - (n - r)j;+„, 

[*,,G^j = -T;+„ [vl/„ci>„] =U,+„, 

for i, J = 1, 2, 3, TO, n € Z and r, s G 1/2 + Z. 

In fact, the twisted large TV = 4 superconformal algebra described in [14] is isomorphic to a 
central extension of the Lie superalgebra Alg(^,a;). 

Remark 5.1. Let ^(7) be conformal superalgebra associated to 0(7). From the relation 

[LaL] - (9 + 2A)L + ^A^c, and [LaU] = (9 + A)U - i (^7 - ^ X'c, 

in ^4(7), we observe that the automorphisms Tf with / € C and uj oi A constructed in Section [3] 
can not be lifted to an automorphism of ^4(7) if 7 7^ ^. This would seem to justify the absence of 
one-dimensional central extensions of Alg(^, a;) in |13) when 7 7^ i. 

In contrast, both the automorphism Tf and a; of ^ can be lifted to automorphisms fy and lj of 
A{^). The action of f/ and uj on ^1(7) is explicitly given by: 

f/(L)=L + /U-^c, f^(u)^U-|c, f/(T±^)=T±\ 

f/(G(M)) = G(Af) + Q(/M), f/(Q(A/)) = Q(M), r/(c) = c 

ujiL) ^ L, w(U) = -U, w(T±*) = T^*, 

uj{G{M)) = G(Aft), u{Q) = -Q(Aft), lo{c) - c. 

fori = l,2,3,AfeC2x2. 

There is a natural (injective) group homomorphism from Autc-conf (-4(7)) — > Aut(g(7)). The 
above considerations applied to the case 7 = ^ show that the group of automorphisms of g(i) is 
indeed larger than the one described in the Physics literature. 
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